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High silicon (Si) and aluminum (Al) electrical steel with improved magnetic properties can be
produced by hot dipping in a molten Al-25 wt.% Si bath followed by diffusion annealing. The
hot dipping deposits a Si-rich layer on top of the substrate, which is subsequently diffused into
the bulk at high temperatures. The final properties of the material depend on the resulting
concentration profiles, therefore a model capable of simulating the Si and Al diffusion is re-
quired. The first steps toward such a model are presented. The lack of knowledge of the ternary
interdiffusion coefficients for the Al-Si-Fe system is overcome by reducing the coupled system
of diffusion equations to a single partial differential equation (PDE), utilizing the diffusion path.
Then by using a Levenberg-Marquardt inverse method, the apparent diffusion along this path
can be determined. The direct problem was solved by a second-order space discretization,
reducing the diffusion equation to a nonlinear system of ordinary differential equations (ODEs),
which consequently can be solved with standard procedures for ODE.

1. Introduction

Electrical steel is an excellent soft magnetic material
used for the construction of electrical motors and transform-
ers. Its composition is basically high-purity Fe-Si or Fe-Si-
Al alloys; normally the alloying content never exceeds 3
wt.%. Beyond this concentration the material becomes very
brittle because of the concurrence of the ordering phenom-
ena D03 and B2, and it is not possible to perform cold
rolling.[1]

However, the magnetic properties, namely power losses
and magnetostriction, are optimized when the alloying con-
tent reaches 6.5 wt.%. These higher-silicon content alloys
can only be manufactured if an additional final step is in-
troduced in the production route of electrical steel: enrich-
ment by surface deposition of Si and Al and their diffusion
into the bulk material. Recent research has shown that the
magnetic and mechanical properties of the high-Si electrical
steel produced by diffusion depend strongly on the shape of
the diffusion profile obtained after the annealing.[2] The
different applications of the electrical steel require different
magnetic and mechanical properties, hence a diffusion
model capable of predicting the diffusion profiles depend-
ing on the different conditions of the production process
(e.g., annealing temperature, time, Si and Al content of the
substrates, microstructure before the diffusion annealing) is
necessary.

The aim of this study is to show the first steps toward
such a model.

2. Experimental Procedures

The substrates chosen for the production of the high-Si
and Al alloys were commercial Fe-Si alloys (0-3 wt.% Si).
After degreasing, the electrical steel plates were subjected to
the hot dipping. First the samples were preheated for 45 s at
800 °C, and then dipped in a molten Al-25 wt.% Si bath at
800 °C for times ranging between 5 and 100 s. Finally the
samples cooled down under a flux of N2. After hot dipping
the specimens were heated in a resistance tube furnace un-
der a N2 protective atmosphere. The temperatures ranged
between 900 and 1100 °C. Samples were carefully polished,
and the concentration profiles through the thickness of the
samples were determined by energy dispersive spectroscopy
(EDS) in the scanning electron microscope (SEM). EDS
was also used to analyze element concentration in the dif-
ferent layers of the coating.

3. Results

3.1 Coating Composition and Formation

The coating formation is a reaction-diffusion process.
Together with intermetallic growth there is substrate disso-
lution in the molten bath. Both processes are dependent on
the chemical composition of the substrate and on the dip-
ping parameters, such as sample temperature prior to dip-
ping, dipping time, and cooling rate after dipping as dis-
cussed in Ref 3.

Figures 1 and 2 show the appearance of the coating after
the hot dipping and fast cooling (450 °C/min) and slow
cooling (30 °C/min), respectively. The chemical composi-
tion of the different intermetallic layers can be found in
Table 1. In the fast-cooled samples the first layer in contact
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with the substrate is �1. A very irregular �4 layer grows over
the �1. Finally, the external layer is an eutectic Al-Si matrix
in which there can be found pure Si areas. Additional layers
such as Fe3Si, Fe2Al5, and �2-�3 appear in the slow-cooled
samples.

The samples were dipped for 5 s to avoid mass loss by
dissolution in the molten bath.

The chemical composition through the coating thickness
can be found in Fig. 3. The diffusion path followed during
the coating formation at 800 °C is depicted in Fig. 4.[4]

3.2 Diffusion Annealing [5,6]

The main diffusion annealing parameters are time and
temperature, and they will determine not only the final con-
centration profiles of Si and Al but also the resulting texture
of the material and therefore its mechanical and magnetic
properties. For the diffusion experiments, substrates con-
taining 3wt.%Si were chosen to ensure ferritic phase in the
entire range of temperatures. The annealings were per-
formed at 1100 °C. At this annealing temperature the ter-
nary diagram simplifies, and, as shown in Fig. 5, diffusion
takes place mainly in the �-phase. A typical diffusion pro-
file can be seen in Fig. 6.

4. Mathematical Model of Diffusion Annealing

As is clear from the work of Rabkin et al.,[7] the Fe-Si
interdiffusion is highly dependent on the Si concentration.
Therefore, taking into account the dependence of the diffu-
sion D on the Si concentration, C, is indispensable. This
ternary system is analogous to Ref 6. The diffusion equation
to be used is therefore, with i � 1 (Si), 2 (Al):

�Ci
3�x,t�

�t
=

�

�x�Di1
3 �C1

3, C2
3�

�C1
3�x,t�

�x
+ Di2

3 �C1
3,C2

3�
�C2

3�x,t�

�x �
(Eq 1)

where 0 � x � L, 0 � t < �, and the superscript 3 indicates
the dependent element (Fe). Furthermore, there are the no-
flow boundary conditions:

�Ci
3�0,t�

�x
= 0 =

�Ci
3�L,t�

�x
(Eq 2)

and initial conditions:

Ci
3�x,0� = C0,i

3 �x� (Eq 3)

Table 1 Theoretical and measured composition of the
intermetallic compounds

Phase Composition

Theoretical at.% Measured at.%

Al Fe Si Al Fe Si

�1 Al0.42Fe0.39Si0.19 42 39 19 39.20 34.30 26.50
�9 Al0.36Fe0.36Si0.28 36 36 28 39.20 34.30 26.50
�2 Al0.54Fe0.26Si0.20 54 26 20 52.30 24.40 23.30
�3 Al0.50Fe0.25Si0.25 50 25 25 52.30 24.40 23.30
�4 Al0.48Fe0.15Si0.37 48 15 37 50.20 16.60 33.16
� Fe2Al5 71 29 … 69.4 30.6 …
D03 Fe3Si … 75 25 … 77.50 22.50

Fig. 2 Coating for Fe-Si 2.4 wt.% slow cooled

Fig. 3 Composition through the thickness for the coating for
Fe-Si 3 wt.%

Fig. 1 Coating for Fe-Si 3 wt.% fast cooled
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Fig. 4 Ternary phase diagram for Fe-Si-Al at 800 °C[4] and diffusion path at 800 °C for 5 s dipping, fast-cooled Fe-Si 3 wt.% substrate

Fig. 5 Ternary phase diagram for Fe-Si-Al at 1100 °C[4] and diffusion path at 1100 °C for 5 min, Fe-Si 3 wt.%
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The silicon concentration C1
3, (mol/mm3) is obtained from:

C1
3 =

xSi

xSivSi + xAlvAl + �100 �xSi� xAl�vFe
(Eq 4)

where xi is the atomic percent and vi is the molar volume of
each element (vSi �12.0 × 103, vAl �10.0 × 103, vFe � 7.10
× 103 mm3/mol). The Al concentration is obtained in the
same way.

The work is done in one dimension, so Eq 1 to 3 can only
be used once the coating has been made homogeneous in the
lateral direction. Therefore, as an initial condition for this
system the measured concentration profile was used after
some minutes of diffusion annealing.

The main problem in solving Eq 1 to 3 is the fact that the
interdiffusion coefficients D3

ij are unknown. Therefore, not
only must the equations be solved, but at the same time it is
necessary to extract from the experiments these interdiffu-
sion coefficients.

The first step is to simplify the coupled system of partial
differential equations (PDEs), to a single PDE. For this the
authors used the fact that the diffusion path during diffusion
annealing is monotone in the Al-Si concentration (Fig. 5).
This implies that the authors can assume that the diffusion
path is a well-defined function that can be written:

C2
3 = f�C1

3� (Eq 5)

so given the atomic percent of Si in our steel, the value of
Al can be extracted along the diffusion path.

Under the above assumption, the PDE system decouples
and can be written formally:

�C1
3 �x,t�

�t
=

�

�x �D1
23 �C1

3 �x,t��
�C1

3 �x,t�

�x � (Eq 6)

where 0 � x � L, 0 � t < �, and D1
23 is the apparent

diffusion coefficient of Si in Fe along the diffusion path f.
Again, there are the noflow boundary conditions:

�C1
3 �0, t�

�t
= 0 =

�C1
3 �L,t�

�x
(Eq 7)

and initial condition:

C1
3 �x,0� = C0,1

3 �x� (Eq 8)

As will be shown, this approach allows the extraction of the
value of D1

23 (C1
3) from the experiments. First, section 5 will

show the numerical approximation used to solve Eq 6 to 8.

5. Numerical Approximation

For simplicity, the authors will only consider the case of
steels with Si 3 wt.%. Therefore there are no phase changes,
and the authors assume D1

23 (C1
3) >0 in the entire domain.

Given the apparent diffusion coefficient D(C1
3) ≈ D1

23

(C1
3), system Eq 6 to 8 can be solved as in Ref 5. Here the

authors suggest a different approach.
Construct the solution C1

3(x,t) of Eq 6 to 8 in an approxi-
mative way by reducing it to an initial value problem for a
nonlinear system of ordinary differential equations (ODEs)
by means of a nonequidistant finite difference discretization
with respect to the space variable. Next, a stiff ODE solver
is used to solve the system of ODEs.

The interval (0,L) is partitioned by the set of grid points
{xi}

N
i�0. We denote Ci(t) ≈ C1

3(xi,t) and let l2(x, i) stand for
the Lagrange polynomial of the second order interpolating
the points (xi−1, Ci−1), (xi, Ci) and (xi+1, Ci+1). Then,
approximate �xC by dl2(xi,i) / dx ≡ (dl2(x,i)/dx)x=xi and �2

xC
by d2l2(xi,i)/dx2 ≡ (d2l2(xi)/dx2)x=xi. Because of the Neu-
mann BCs, extend the governing PDE to the boundary
points and discretize it in a way similar to that for the inner
points by introducing the fictive points y-1, yN+1, which have
their concentration values so as to satisfy the BCs. Equation
6 leads to the system of ODEs:

d

dt
Ci�t� − D �Ci�

d2

dx
l2 �xi,i� − D� �Ci� � d

dx
l2 �xi,i��2

= 0

(Eq 9)

for i � 0, . . . , N, where

D� =
dD�s�

ds
(Eq 10)

This system of nonlinear ODEs can then be solved using
a standard package for stiff ODE, e.g., LSODA.

Having a solver for the direct problem Eq 6 to 8, the
inverse problem of determining D1

23 (C1
3) is solved with a

standard Levenberg-Marquardt method. For this, the au-

Fig. 6 Diffusion profiles for samples annealed at 1000 °C for 30
min (top) and at 1100 °C for 60 min (bottom)
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thors modeled the apparent diffusion by a second-order
natural bspline interpolation b of couples (Ck, pk), k � 1,
. . . , M,

D1
23 �C1

3� ≈ b�Ck, pk� k = 1, . . . , M (Eq 11)

Here, the points Ck can only be chosen in the relevant
domain where there is experimental data, and pk are the
parameters that will be optimized with the inverse proce-
dure. So an iteration scheme is started, beginning from the
initial parameter set {pk

0}, to determine an optimal param-
eter set {p̃k}, which approximates the experimental curves
as close as possible. See, e.g., Ref 8 for a possible imple-
mentation.

Summarized, the computation procedure is as follows:

1. Set the grid {xi}; in the case of an equidistant grid the
grid size �x suffices.

2. Load the initial condition C0,1.
3. Load the initial apparent diffusion D(C1

3) as a set of M
couples (Ck, pk

0).
4. Construct the system of nonlinear ODEs (Eq 9) where

D(C) is the bspline interpolation of the M couples
(Ck, p k

j ).
5. Solve the system of ODEs, e.g., using LSODA.
6. Determine with the Levenberg-Marquardt method a new

set of parameters {p k
j+1}.

7. Go to 4 as long as the approximation improves.

6. Results of the Model

In the following numerical experiments 41 grid points xi
over the interval (0 �m, 500 �m) were used. The diffusion
coefficient was constructed with eight couples (Ck,pk),
where C1 � 0.8e-5 and C8 � 1.7e-5. As initial values for
the parameters pk the values were taken from Ref 7, which
is the Si-Fe interdiffusion (0 at.%Al). These values are

shown in Fig. 7. As an initial condition for the concentra-
tion, the experimental data of 5 min of diffusion annealing
was used.

Running the Levenberg-Marquardt method to find the
optimal values of pk, the authors obtained the interdiffusion
coefficient as depicted in Fig. 7. The result of the direct
model with this optimal D is given in Fig. 8. for the three
time steps where we have experimental data. The modeled
curves are good approximations of the experiments except
for the 3 h curves. However, for the longest annealing times
the authors detected mass loss specifically of aluminum.
This phenomenon is not included in the model, and it prob-
ably explains the deviation. More experimentation will be
needed to quantify this mass loss.

7. Conclusions

The authors have shown how diffusion annealing can be
modeled by a single differential equation and how the lack
of knowledge of the interdiffusion coefficients can be over-
come. The solution was in good agreement with the experi-
mental results; however, no exact match was obtained. Fur-
ther validation of the method will be needed; the model
must be refined to allow more grid points and especially
more parameters to approximate the apparent diffusion.
These are now limited by the computing time, however this
is probably because a symbolical software was used to do
the computations.

However, using a diffusion path, instead of a smeared-
out diffusion zone, can also be the reason for the deviation
found. A full model, solving Eq 1 to 3 should be considered.
It is unclear however if the fact that the interdiffusion co-
efficients are unknown can be overcome in this more com-
plicated setting.

Fig. 7 Apparent diffusion coefficient at 1100 °C for the Fe-Si-Al
ternary alloy (solid lines) and Fe-Si interdiffusion coefficient
(dashed lines), in m2/s

Fig. 8 Experimental and modeled concentration profiles for 5
min, 30 min, 1 h, and 3 h at 1100 °C
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